In this paper, we describe the construction of superelliptic curves with a rational point of prescribed order on their jacobians. The construction is based on Hensel's Lemma and produces for a given integer N a superelliptic curve of genus linear in N with a rational N -division point on the jacobian. The method is illustrated with multiple examples.
Introduction
If A is an abelian variety defined over a number field K, then we know by the Mordell-Weil Theorem [Wei29] that the set of K-rational points A(K) is a finitely generated abelian group. Thus, we have
for a finite group A tors (K), called the K-rational torsion subgroup of A, and a positive integer r. Given a positive integer g, a number field K and a finite group G, one can ask whether there exists an abelian variety A of dimension g defined over K such that A tors (K) ∼ = G. This question is hard to answer in general and only in some examples the answer is known. If g = 1 and K = Q, the theorem of Mazur [Maz77] classifies all occuring Q-rational torsion subgroups for elliptic curves. One can refine the question about the whole rational torsion subgroup to the question of a rational point of prescribed order N . In general, when g > 1 and N is a positive integer, not much is known. In this paper we consider the following problem. Given a positive integer N , we construct a smooth projective curve defined over Q such that the jacobian Jac(C) of C has a Q-rational N -division point, that is, a point D ∈ Jac(C)(Q) with N D = O, where O is the identity element of Jac(C). This paper extends some considerations of the PhD thesis of the author [Kro16] . First, we want to fix some notation and definitions.
Throughout this paper we consider smooth projective curves C but we will only write down the equations for an affine patch of the curve. Given a curve C defined over a perfect field K we can consider its jacobian via the isomorphism Jac(C) ∼ = Div 0 (C) P as the set of degree zero divisors modulo principal divisors is equivalent to D 0 . Let f ∈ K(C) be a function such that there exists a divisor D ∈ Div 0 (C) and an integer N with div(f ) = N D. Then the class of D in Jac(C) is a K-rational N -division point. Our goal is for a given N > 1 to construct curves C defined over Q with a function f ∈ Q(C) having this property. By being careful in the construction we assure that the divisor D is not a principal divisor, i.e. the function f is not an N -th power. By this method we can construct curves C defined over a perfect field K of genus g with a point of order N , where N is linear in terms of g. Definition 1. Let K be a perfect field and let F ∈ K[X] be a separable polynomial with n := deg(F ) ≥ 5. A curve C defined by
for some 2 ≤ k ∈ N with gcd(k, char(K)) = 1 is called superelliptic curve.
Proposition 1.1. Let C be a superelliptic curve defined over K.
1. C is a smooth affine curve.
2. If gcd(k, n) = 1, then there is one point at infinity, denoted by P ∞ .
3. If k | n, then there are k points at infinity denoted by
The equation order O
Proof. The first statement of the proposition is obvious due to the fact that F is a separable polynomial. Assertions 
Proof. The proof can be found in [GPS02, Prop. 13 ].
This lemma relates the norm of a function to a superelliptic curve since a superelliptic curve C is well defined by fixing k and F . We use this fact in the following section.
The same method is used in [Lep91a] for the construction of hyperelliptic curves with a point of finite order in its jacobian.
Solving Norm Equations and Torsion
We now want to relate the norm of a function on a superelliptic curve to the existence of a rational torsion point on the jacobian of the curve.
Lemma 2.1. Let C : y k = F (x) be a superelliptic curve of genus g(C) defined over a perfect field K and let ψ : With this lemma we directly obtain the following proposition.
Proposition 2.2. Let 2 ≤ k ∈ N and K be a perfect field with gcd(k, char(K)) = 1. Let a, b ∈ K[X] be coprime. Assume F := (−1)
then C is a superelliptic curve of genus g(C) = By this corollary we need to find polynomials a, b, u ∈ K[X] such that F as in the corollary is a polynomial. This will be done by fixing the polynomial b ∈ K[X] and finding a polynomial R 1 ∈ K[X] that is a k-th power for a fixed k. The following lemma allows us in that case to construct a suitable polynomial a ∈ K[X].
Lemma 2.3 (Hensel's Lifting). Let 2 ≤ k ∈ N and K be a perfect field with
We will give a proof of this well-known lemma since the proof is constructive and the construction will be used in the examples we treat in this paper.
Proof. We will prove this lemma by showing the l-th iteration of the construction. Assume 2 ≤ k ∈ N and K is a perfect field with gcd(k, char(K)) = 1. Let 2 ≤ l ∈ Z and b, R 1 ∈ K[X] with gcd(R 1 , b) = 1 and set
; since gcd(R 1 , b) = 1 and R l−1 ≡ R 1 (mod b) we have gcd(R l−1 , b) = 1 and gcd(k, char(K)) = 1 we have that kR
This lemma now allows us to find the desired polynomials F and a.
Corollary 2.4. Let 1 < k, N be integers and K a perfect field such that we have gcd(
Since gcd(b, u) = 1 by assumption, we have gcd(b, R) = 1 und thus we can apply Lemma 2.3 to find a polynomial
This gives us a tool to construct polynomials F ∈ K[X] for given integers k, N such that the curve defined by C : y k = F (x) has a non-trivial rational point in Jac(C)[N ](K). In the next section we give examples of this construction.
Examples
First we consider the trivial case, where b = 1 . In this case no lifting is needed.
Example 3.1. Let k ≥ 2 and a ∈ Z[X] be a polynomial with gcd(a 0 , k) = 1, where a 0 is the constant coefficient of a. For every odd prime p > k · deg(a) we set F p := a k − x p . Then the curve defined by
is a superelliptic curve of genus g(C p,k ) = 1 2 (k − 1)(p − 1) with a Q-rational p-torsion point on its jacobian.
In order to verify the example observe that we have
Thus, we only have to check whether F is a separable polynomial to prove the assertion. For this we compute gcd(F, F ′ ). The formal derivative of F is given by
Choosing a prime q with q | k yields F ′ ≡ −px p−1 (mod q). Since gcd(a 0 , k) = 1 by assumption we have F (0) ≡ 0 (mod q) and thus gcd(F, F ′ ) ≡ 1 (mod q). This implies gcd(F, F ′ ) = 1.
Example 3.2. For this example, let k = 3 and set b := X 6 + 3X 4 + 3X 2 − X + 1 and u := X then (X 2 + 1)
Since b is irreducible over Q we have gcd(b, u) = 1 and we can apply Hensel's Lemma to obtain R 
is separable, where p ≥ 51 is a prime and a p ∈ Q[X] with deg(a p ) < 18 and
Then the curve given by
is a superelliptic curve of genus p − 19 and has a Q-rational point of order p on its jacobian.
With the computer algebra system Magma, we have tested for all primes 51 ≤ p ≤ 2539 that the resulting polynomial F p is separable.
The following example comes from [Lep91a] , where this method is carried out for hyperelliptic curves. over Q(t) has a Q(t)-rational point of order 13 on its jacobian.
In order to see that this is true consider the polynomial b := X 4 − 3X 3 + (1 + 2t)X 2 − 2tX + t 2 . Then we have
and we can we can find by Corollary 2.4 with N = 13 the mentioned polynomial F .
